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PREFACE 

The series of manuals on techniques describes procedures for planning and 
executing specialized work in water-resources investigations. The material is 
grouped under major subject headings called books and further subdivided 
into sections and chapters; Section A of Book 3 is on surface water. 

Provisional drafts of chapters are distributed to field offices of the U.S. 
Geological Survey for their use. These drafts are subject to revision because of 
experience in use or because of advancement in knowledge, techniques, or 
equipment. After the technique described in a chapter is sufficiently devel- 
oped, the chapter is published and is sold by the Eastern Distribution Branch, 
Text Products Section, U.S. Geological Survey, 604 South Pickett Street, 
Alexandria, VA 22304 (authorized agent of Superintendent of Documents, 
Government Printing Office). 
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COMPUTATION OF WATER-SURFACE PROFILES 
IN OPEN CHANNELS 

By Jacob Davidian 

Abstract 

The standard step-backwater method of computing 
water-surface profiles is described in this chapter. The 
hydraulic principles and assumptions are reviewed, and 
the field data requirements are described. Certain special 
cases of backwater curves and certain special field condi- 
tions are discussed in detail. The technique is used to 
establish or extend stage-discharge ratings: to define 
areas which will be innundated by flood flows of a given 
frequency; and to compute profiles through various 
reaches, including multichannel flows, and past control 
structures such as bridges, culverts, and road embank- 
ments. A brief description of analysis of floodways and 
effects of encroachments is also presented. 

a 

Introduction 

Water-surface profiles along stream chan- 
nels can be computed quickly when electronic 
computers are applied to the commonly used 
step-backwater method. The method requires 
the evaluation of the energy losses between any 
two points on the water-surface profile. 

Water-surface profile computations by the 
step-backwater method are a major part of 
most studies leading to the delineation of flood 
plains in urban and suburban areas. Flood 
plains must be delineated before they can be 
properly zoned to reduce flood damages. 

The method is also applied to floodway analy- 
sis. Given a stream profile for a flood of a cer- 
tain magnitude, a surcharge, or increase in 
stage, is chosen for the entire profile. Then the 
encroachments on the flood plains are deter- 
mined by the step-backwater method such that 
the total stream conveyance remains un- 
changed. This application is useful in planning 
and in flood-insurance studies. 

The method is also used in establishing or 
extending stage-discharge relations at gaging 
stations or at other sites along a stream. This 
information is valuable in the design of struc- 
tures. 

A survey of the geometry of the stream 
channel along the reach for which the profiles 
are needed produces the data required-princi- 
pally, cross sections of the channel drawn to a 
common datum at intervals along the reach and 
the value of the roughness coefficient. From 
these data, the water-surface profile for any 
known or assumed discharge may be computed. 

This manual describes the standard step- 
backwater method of computing water-surface 
profiles and the channel geometry data needed. 
Certain sources of error and some special field 
conditions are discussed in detail. Frequent 
reference is made to computer program E431 
of the U.S. Geological Survey. Because compu- 
ter programs are frequently changed, details 
of that program are not discussed here. Pro- 
gram E431 is described by Shearman (1976) in 
detail, with respect to data handling and prep- 
aration, computed results, error messages, 
and assumptions. 

Hydraulic Principles 

Steady, uniform flow 

Almost all open-channel flows are both un- 
steady (depth at a point varies with time) and 
nonuniform (depth changes from point to point 
along a channel). Because these flows are diffi- 
cult to analyze, a steady, uniform flow is fre- 

I 



2 TECHNIQUES OF WATER-RESOIJRCES INVESTIGATIONS 

quently assumed. The assumption of steadiness 
is justified by the fact that at peak flows the 
discharge hydrograph flattens out and flow 
approximates steady conditions. High-water 
marks are left along the channel by these rela- 
tively steady, peak flows. Uniformity of flow is 
achieved by dividing channels into shorter 
lengths that are considered reasonably uni- 
form between cross sections, both on the basis 
of high-water marks and on channel geometry. 

TRANQUIL FLOWS 

Y”‘YC 

When a steady discharge flows in a long 
channel of uniform hydraulic characteristics, 
it flows at a constant depth, called the normal 

.depth. But adjacent subreaches are not identi- 
cal in channel dimensions, roughness, or bed 
slope, and so the normal depth in each is dif- 
ferent. A natural water-surface profile, there- 
fore, is a series of curves relating the normal 
depth in one subreach to the normal depth in 
the next. The normal depth line in a long stretch 
of river is, thus, rarely a long, smooth curve. 

Backwater curves 

The water-surface profiles resulting from 
nonuniform-flow conditions are called back- 
water curves. Various types of such profiles 
for gradually varied flows are described by 
Chow (1959) and Woodward and Posey (1941). 
Of the many backwater curves possible, those 
for subcritical flows on mild slopes (fig. l), and 
those for super-critical flows on steep slopes 
(fig. 2) are generally of most concern. In fig- 
ures 1 and 2, the dashed lines represent the 
critical depth, yC, and the straight, solid lines 
represent the normal depth, y,,. The heavy, 
solid, curves lines represent the water-surface 
profiles from a control point to the normal- 
depth profile. (The expression “control point” 
or “control section” is defined as any section at 
which the depth of flow is known or can be 
controlled to a required stage.) 

Curve Ml in figure 1A could be the result of 
a dam or a constriction downstream, or it could 
represent the backwater in a tributary which 
is flowing into a flooding main stream. Curve 
M2 could result from a dropoff (falls or riffles) 
farther downstream where the water surface 
drops below the critical-depth line. The flow 
then passes into the supercritical regime. For 
both the Ml and M2 curves, the control is 

Normal depth line 

/ Tranwil flow-.-water surface Drawdown curve 

Figure l.-Water-surface profiles on mild slopes. A, 
Tranquil flows, showing relations among Ml, y,,, and yc 
curves; B, Sketch showing typical instances of M curves. 

downstream; if the channel were long enough, 
both curves would asymptotically approach 
the normal-depth line upstream. Typical ex- 
amples M curves are shown in figure 1B. 

In figure 2A, curve S3 could represent the 
.profile of flow downstream from a sluice gate. 
ICurve S2 could be the profile of flow which has 
just passed into the critical regime from a 
milder slope upstream, as might occur at a 
riffle. The control point for both these curves is 
upstream; if the channel were long enough, 
both curves would asymptotically converge 
towarId the normal-depth line downstream. 
Typic:al examples of the S curves are shown in 
figure 2B. 

Examination of figures 1A and 2A will show 
that t.he lowest possible Ml curve and the 
highest possible M2 curve will each coincide 
with the normal-depth curve, which represents 
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SUPERCRITICAL FLOWS 

Tranquil flow 

f Supercritical flow /-Tranquil flow 

B 
VERTICAL SCALE IS GREATLY EXAGGERA 

Figure 2.-Water-surface profiles on steep slopes. A, 
Supercritical flows, showing relations amone: S2. S3. II,, 
and ye curves: B, Sketch showing typical instances ifi 
curves. 

the no-backwater condition on the mild slope; 
and that the lowest S2 and highest S3 curves 
will each similarly coincide with the no-back- 
water, normal-depth line on the steep slope. 

Because most natural streamflow is subcrit- 
ical, with only occasional stretches of super- 
critical-flow conditions, this manual empha- 
sizes Ml and M2 curves, refers to the S2 and S3 
curves where appropriate, and briefly men- 
tions the rare M3 and Sl curves. 

Water-surface elevations along Ml and M2 
curves should be computed only in an upstream 
direction, away from a control, to ensure that 
successive points on the computed curve will 
asymptotically approach, or converge toward, 
the normal-depth line. Similarly, water-surface 
elevations along S2 and S3 curves should be 
computed only in a downstream direction, 
away from a control, to ensure that the com- 

puted curves will converge toward the normal- 
depth line. Computations in the wrong direc- 
tion will define profiles that diverge from the 
normal-depth line, and they are, therefore, 
erroneous. It is possible, however, to make a 
few computations in the wrong direction with- 
out introducing large errors if the velocity 
head is small. The small errors locally intro- 
duced and reflected in the computed profiles 
in such instances are quickly dissipated if 
further computations of the water-surface pro- 
files are in the correct direction for the re- 
mainder of the reach being investigated. 

It should be noted that the description of a 
reach as mild or steep, or as subcritical, or 
critical, or super-critical refers not to the nu- 
merical value of the slope of the reach, but, 
rather, to the regime of the discharge flowing 
through the reach. Whether the numerical 
value of the slope is small or large, a reach could 
be considered “mild” because of the subcritical 
flow it carries, but it could later be considered 
“steep” because a different discharge is super- 
critical during the passage of a flood wave 
through the reach. 

Transition curves 

Figures 3-8 show some backwater transition 
curves for flow passing from one reach into 
another. In figure 3, the normal-depth lines are 
at different depths; the Ml curve of the mild 
slope, therefore, smoothly joins the normal- 
depth line of the milder slope. 

In figure 4, a change in roughness (n) on a 
mild slope will result in different normal 
depths. The transition curve is, therefore, very 
similar to that of figure 3. 

In figures 5 and 6, the normal depths on mild 
slopes are high in the upstream reach for a 
very mild slope or a very high roughness, and 
they are low in the downstream reach for a 
steeper slope or a lower roughness. The water- 
surface profile in the transition is, therefore, 
an M2 curve which smoothly joins the down- 
stream normal-depth line. 

Figure 7 shows a break in channel bed slope 
from mild to steep. The tranquil flow upstream 
from the control point has a normal depth 
higher than the critical depth; the supercritical 
flow downstream from the control point has a 
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Figure 3.-Backwater-curve transition for mild slope to 
milder slope. 

Figure 4.-Backwater-curve transition from small n to 
large n on mild slope. 

Figure 5.-Backwater-curve transition for mild slope to 
steeper mild slope. 

Figure L-Backwater-curve transition from large n to 
small n on mild slope. 

normal depth lower than the critical depth. 
The water-surface profile must, in the transi- 
tion between the two normal-depth lines, pass 
through critical depth by means of M2 and S2 
curves. Such a transition is known as a draw- 
down curve or a hydraulic drop. 

The transition from a steep slope (yll <ye) to a 
mild s,lope (Y,~ > y,) in figure 8 requires a 
hydraulic jump in order for the water surface 
to pass through critical depth. The location of 
the jump depends on the relative elevations 
between t.he upstream and downstream nor- 
mal depths. Associated with the hydraulic 
-iump could be a short segment of an Sl or an 
!M3 curve, which is not ordinarily of concern 
‘because of its proximity to the jump. 

Determination of normal depth 

Average profile in a long reach 

The simple transitions described in figures 
3-8 are only a few of many possible combina- 
tions that could result from changes in channel 

==T” Water surface passes 

Figure 7.--Backwater-curve transition for mild slope to 
steep slope. 
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Water surface 
passes through 
critical depth at 
hydraulicjumps 

Figure &-Backwater-curve transitions for steep slope to 
mild slope. 

characteristics such as slopes, roughnesses, 
widths, depths, or any combination of these 
between adjacent subreaches in a long reach. 
Obviously, in a long stretch of river that has 
been divided into shorter subreaches of “uni- 
form” characteristics, the water-surface pro- 
file is a series of transition curves from the 
normal-depth line in one subreach to the nor- 
mal-depth line in the adjacent subreach. Unless 
there are radical changes in characteristics, as 
for example at control points and hydraulic 
jumps, one could speak of the uniform-flow 
profile in a long reach as an average of the 
numerous transition curves that are reflecting 
local nonuniformities in the channel. 

The normal depth line is determined using 
the backwater curves for channels of mild or 
steep slopes. 

Use of Ml and M2 curves 

A characteristicof the tranquil-flow Ml and 
M2 backwater curves is that one can start at 
any point on either of them and, by solving the 
energy equation, determine the elevation of 
the water surface at another point farther up- 
stream. The intervening geometry and rough- 
ness, as well as the discharge, have to be known. 
As may be seen in figure lA, if the procedure 
were carried far enough upstream in incre- 
ments, this step-by-step computed profile would 
asymptotically approach the normal-depth line. 
This characteristic of the backwater curves is 
used in determining normal depth in a channel 
of mild slope. 

Computed profiles that start with an eleva- 
tion higher than normal depth would be Ml 
curves; those starting with elevations lower 
than normal depth would be M2 curves. When 
computed values of water-surface elevations 
along two profiles converge mathematically, it 
is generally assumed. that the normal-depth 
profile has been reached. Computations along 
either profile continued farther upstream 
would be identical, regardless of whether the 
profiles had been two Ml’s, two M2’s, or one of 
each, at the start of computationsat the down- 
stream end of the reach. Upstream from the 
point of convergence, the computed profile 
would define a locus of normal depth at each 
cross section. It would be the expected profile 
because the nonuniformities in the channel 
geometry and roughness would be translated 
to a series of minor, transitional backwater 
curves. 

Determination of normal depth for subcriti- 
cal flow in a channel by the procedure described 
above thus has two distinct phases. First, two 
starting backwater curves are assumed to exist 
in the channel, caused by different, assumed, 
control conditions downstream. Normal depth 
at a point (gaging station, bridge, or other place 
of interest) is determined when the two profiles 
have converged. The two computed profiles up 
to this point are imaginary and become useless 
after serving as a ploy for determining the 
normal-depth profile. The second phase begins 
with the point of convergence. All subsequent 
computations of the profile farther upstream 
represent the expected, or normal, water- 
surface elevation in this channel, to be used for 
inundation studies, flood-insurance studies, 
bridge-backwater studies, and so on. 

Use of S2 and S3 curves 

To determine normal depth in a steep chan- 
nel, the supercritical-flow S2 and S3 backwater 
curves are used. T-he procedures correspond to 
those described for Ml and M2 curves, but in 
the downstream direction. Starting at any 
point on the S2 or S3 curve, the elevation of the 
water surface at any point farther downstream 
can be determined by solving the energy equa- 
tion. The intervening geometry and roughness, 
as well as the discharge, have to be known. As 
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may be seen in figure 2A, if the procedure is 
carried out far enough downstream, in incre- 
ments, this step-by-step computed profile. 
asymptotically approaches the normal-depth 
line. 

Local effects on profiles 

The importance of the effects of local channel 
nonuniformities on the computed profiles is a 
relative matter. In the first phase of computa- 
tions along an Ml or an M4 curve, the profile 
usually has more slope and&he effect of a local 
disturbance will show ilizthe profile at that 
point, but it will probaN diminish within a 
short distance upstream. For example, a bridge 
in the channel throughiwhich an Ml or an M2 
curve is being computed will cause a local jump 
in computed. klevations as in figure 9. An Ml 
curve will! %ontinue along another, higher Ml 
curve. An M2-curve could jump up to anlM1 
curve, or it could continue along another, 
higher M2 curve. The effect of the bridge is 
quickly dissipated. 

If, however, the channel bed has avery small 
slope or if the bridge is located in the reach 
where backwater curves have already con- 
verged and for which the expected water sur- 
faces are beingcomputed, the local effects will 
be reflected farther upstream. In such instan- 
ces, the effects of several bridges in a series 
would be additive. The resultant Ml curve 
could require a long distance before converging 
with the average normal-depth line for the 
channel. 

All Ml curves where the computed profile or 
the channel bed have very little slope should be 
examined and interpretedtwith care. 

Convergence of backwater curves 

There are several factors to consider in the 
technique of using converging backwater 
curves to determine normal depth. The work 
“converge” is not the proper word to use in 
describing the relation of a backwater curve to 
the normal-depth profile. Backwater curves 
approach the normal-depth profile asymptoti- 
cally, and the relation between two Ml curves 
or two M2 curves is an asymptotic convergence. 
During computation for two adjacent profiles, 
results may be identical or within an allowable 

or tolerance. Then the profiles are 
considered to have converged for all practical 
purposes. 

If an Ml and an M2 curve are used as a pair 
and if the two profiles converge, normal depth 
is assured. It is not always feasible, however, to 
work with this ideal pair. An Ml curve lies 
above t.he normal-depth line (see figure 1A). 
C!ross-sectional properties, therefore, must be 
available for elevations higher than normal 
depth at all of the cross sections in the reach. 
To calculate such properties is frequently im- 
possible, particularly for large discharges 
where normal depths may be near bankfull 
stage; there simply may not be any ground 
points available above bankfull stages to which 
the cross sections could bevertically extended. 
This problem is ,more acute, of course, for the 
most downstream cross sections, where the Ml 
curve would be a6 its highest elevations with 
reference to the normal-depth line. 

Another characteristic of the Ml curve is 
that it requires a longer reach to converge with 
the normal-depth line than does an M2 curve, 
both having started an equal vertical distance 
from the normal depth at the starting cross 
section downstream. A longer reach of channel 
must, t.herefore, be surveyed whenever an Ml 
curve is used and an even longer one if a pair of 
them are used. 

The use of two M2 curves to determine nor- 
mal depth is just as effective, but there are a 
few precautions to consider. The starting ele- 
vations preferably should be a foot or more 
apart. They should not be near the channel bed 
becaus#e the length of reach required before 
the backwater curve converges with the nor- 
mal-depth line will be longer. The starting 
elevation of an M2 curve to be used for conver- 
gence purposes should never be taken below 
the critical-depth elevation. The starting ele- 
vation for computing an M2 profile upstream 
from a control would, on the other hand, have 
to start at critical depth. The difference in this 
instance is that the computations are defining 
the actual water surface in the reach, rather 
than a profile to be used to converge with the 
normal-depth profile. 

Convergence of any two or more Ml curves 
or any two or more M2 curves is no guarantee 
that normal depth has been reached. Although 
they rnay seem to converge mathematically, 
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Figure 9.-Local effect of a bridge on an Ml or an M2 backwater curve. 

the true normal-depth profile could still be 
some distance away in the vertical. For exam- 
ple, in figure 10, several Ml curves have 
apparently converged, and several M2 curves 
have apparently converged. None of them, 
however, have reached the normal-depth pro- 
file. Regardless of how many Ml curves have 
converged, therefore, the one starting with the 
lowest elevation is the most nearly correct. 
Similarly, the M2 curve starting with the 
highest elevation is the most nearly correct of 
the M2 curves. Figure 10 illustrates graphic- 
ally that when an Ml and an M2 curve con- 
verge, the normal-depth profile has been 
reached. The starting elevations of all Ml and 
M2 curves should preferably be within the 
range 0.75-1.25 of the estimated normal depth. 

Special Cases of 
Backwater Curves 

Flows on very small slopes 

Sometimes a stream will have so small a slope 
that the rate of convergence between two M2 
curves is negligible. Two curves starting a foot 

apart might, after lO,OOO-20,000 feet, still be 
0.75 foot apart at the upper end of the reach, 
and there may be no more stream channel 
available for extending the reach downstream; 
for example, the stream might flow into a lake 
or large river. 

In such a case, a technique that can produce 
satisfactory results is the artificial extension 
of the reach. First, the average streambed slope 
is determined from a plot of the thalweg and 
extended downstream on the plot. An average 
cross-sectional shape can then be determined. 
This may be done by superposing all of the 
cross sections on a plot and averaging them, 
not only as to geometric shape, but as to rough- 
ness values as well. 

Extension of the reach length and placement 
of an average cross section at a few intervals 
along it, should provide enough length for two 
M2 backwater curves to converge downstream 
from the reach under study. If a suitable com- 
puter program is used, an extended reach 
could be as long as 2,000 miles (Shearman, 
1976) to try for convergence. 

The procedure described might not prove 
satisfactory in streams having extremely small 
slopes. It should be kept in mind that the nor- 
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Figure IO.-Sketch of a family of Ml and M2 backwater curves. Dots indicate points of convergence. 

ma1 depth for a slope of zero is infinity. If the 
slope is extremely small, even a 2,000-mile 
artificial extension of channel might prove 
inadequate in length, or the channel cross sec- 
tions might not extend high enough to contain 
a flow that requires a very large normal depth. 
Flow could spill out over banks into adjacent 
drainages such that large discharges would 
have no distinguishable channels in which 
normal depths could be computed. 

The use of an artificially extended reach 
could force the use of negative numbers, not 
only for section reference distances, but for 
elevations as well. Most computer programs 
will handle negative reference distances. But, 
to avoid the use of negative numbers and to 
lessen the likelihood of errors resulting from 
them, the datum can be adjusted by several 
hundred, or a thousand feet, throughout the 
entire reach. 

A factor to consider in interpreting computed 
profiles on very small flat slopes is that rela- 
tively minor local departures from the general 
uniformity of the reach, both with respect to 
cross-sectional geometry and roughness and to 

bed slope, will affect the profile markedly. The 
local effects will extend far upstream (farther 
the flatter the slope), and they will more likely 
be additive than compensatory. In contrast, 
l’ocal disturbances in a reach that has a steeper 
bed slope but is otherwise the same will not 
atffect the profile as far upstream. 

Flows on Steep Slopes 

Water-surface profiles on slopes, where super- 
critica. flows are possible, should be carefully 
examined. Not only is it possible to get a vari- 
ety of incorrect profiles, but, if the water sur- 
face breaks, the usual computations become 
inapplicable and no solution is possible. Sec- 
tions of a stream that are likely to cause prob- 
lems are a.t falls and riffles and at places where 
chute flows and hydraulic jumps are likely. A 
convex break in bed slope, where the slope is 
mild or flat upstream and steeper downstream, 
is particularly suspect, as are extreme con- 
tractions of area, owing either to smaller 



of smaller widths anddepths. Figure 11 shows 
several possible water-surface profile transi- 
tions involving critical or supercritical flow. 
These are the most common types. Other 
examples of flow profiles and transition curves 
at control sections are shown by Chow (1959, p. 
229-236). 
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widths, to smaller depths, or to a combination 
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to that discharge whose water surface would 
be at the indicated elevation if the flow were 
critical. A simple plot of elevation versus dis- 
charge represented by the quantity fi A3121 
(cYTP can be prepared by the engineer quickly 
for each cross section at which supercritical- 
flow problems are suspected, as illustrated in 
figure 12. From elevations for selected dis- 
charges the profiles can be plotted. 

Locus of critical-depth stages Control sections 

When critical-flow conditions are suspected 
for a given discharge in a reach, it is advisable 
to compute the critical depth at each cross sec- 
tion in the general vicinity and to connect these 
points on a plot to show the locus of critical- 
flow stages through that part of the reach. The 
procedure to follow is straightforward. 

At each cross section investigated, let the 
Froude number, F, equal 1.0: 

F=l=Vfi/ Jm. 

The value of COST, where 4 represents the 
channel slope angle, is generally close enough 
to unity to be ignored. Let velocity be equal to 
discharge, a, divided by total area, A, and let 
mean depth, &, be equal to total area divided 
by T, the top width. The velocity-head coeffi- 
cient is represented by (Y and g is the gravita- 
tion constant in feet per second per second. 
Then, 

Now solve for Q: 

Find the elevation at each cross section for 
which this holds true. 

The computations are greatly simplified by 
the fact that cross-section properties, including 
area, velocity-head coefficient, and top width, 
are tabulated by computer at many elevations 
for each cross section. The Geological Survey 
computer program (Shearman, 1976) also 
printsout thevalueoffiA3/2/(o!7’)1/2foreach 
of these elevations. This quantity is equivalent, 

Examination of a plot of bed profile and of 
the loci of critical-depth points for several 
cross sections will generally reveal a section 
which can be taken to be the control-a convex 
break in slope, with a steep downstream leg 
and a flatter upstream leg. The control is at 
that point at which continuous computations 
upstream for the subcritical flow reach must 
begin again. In figures llA-llC, profile com- 
putations in the upstream direction along the 
downstream mild slope could be invalid and 
should be halted in the steep-sloped reach 
where flow is supercritical. The control point 
for theupstream mild reach would be identified 
as the junction between the upper mild slope 
and the steep slope, where the M2 curve meets 
the critical-depth line. The step-backwater 
computations of the water-surface profile could 
be started again at this control point and con- 
tinued upstream for as long as the upstream 
reach remains at a mild slope. The starting 
elevation for the new computation would be 
the critical-depth elevation at the control cross 
section, and the M2 profile computed would 
represent the water surface, which will ulti- 
mately coincide with the normal-depth line 
farther upstream. There would be no need to 
use two or more starting elevations, represent- 
ing various Ml or M2 curves, to effect a con- 
vergence; this M2 curve is the profile for the 
discharge being considered. 

Transitions between tranquil and rapid flows 

The water-surface profile can take several 
forms between the control point and the tran- 
quil-flow profile on the mild slope downstream. 
In figure 11C the flow is just at critical depth 
downstream from the control, and the transi- 
tion to the tranquil-flow profile farther down- 
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Figure Il.-Water-surface profiles involving critical- or supercritical-flow transitions. 

stream is made by a Cl curve. This is an un- 
common backwater transition curve and it will 
not be discussed in detail hereafter. It occurs 
generally on reservoirs. 

If the flow on the steep slope were slightly 
supercritical (Froude number between 1.0 
and about 1.7) the transition could be an undu- 
latory curve as it approaches the normal-depth 
line on the mild slope downstream. A distinct 
hydraulic jump is formed for Froude numbers 
larger than 1.7, as the water surface passes 
from supercritical elevations, through the 
critical-depth line, and up to the subcritical 
normal-depth elevation. In figure llA, the 
jump has formed on the steep slope and an Sl 
curve completes the transition to the subcriti- 
cal normal-depth line downstream. In flows 
having higher Froude numbers, the jump could 

form on the mild slope, as in figure 11B. An M3 
curve would accomplish the transition between 
the normal-depth line for the steep slope and 
the hydraulic jump. 

In each of figures llA-llC, the water- 
surface profile in thesteep-slope transition can 
be computed in a downstream direction, be- 
ginning with the control point. The starting 
elevation will correspond to critical depth. If 
flow is just critical, the computed profile will 
coincide with the critical-depth line, as in fig- 
ure llC, and thence to the most upstream cross 
isection for which an elevation was computed 
ton the mild downstream slope. If the flow is 
supercritical, the water surface on the steep 
slope will follow an S2 curve, and the computa- 
tion can be terminated just upstream from the 
last computed water-surface elevation on the 
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COMPUTED CROSS-SECTION PROPERTIES 

Water-surface Area, in 
elevation, square 
in feet feet 

292.0 226 
293.0 293 
294.0 363 
295.0 435 
296.0 511 
297.0 590 
298.0 673 

Top width, Alpha *Aa2 
in feet (aT )“’ 

65 1.42 2006 
68 1.49 2826 
71 1.57 3715 
74 1.59 4744 
78 1.63 5811 
81 1.68 6968 
84 1.84 7965 
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EXAMPLE: To determine ele- 

vation of flow at critical 
298 - depth for any discharge, in- 

tersect curve at abscissa1 
value equal to that dis- 

297 - charge and read elevation 
I- on ordinate scale 

ti 
u, 296 - 
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d 295 - 
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2 294 - 
iii 

293 - 

Q=5000 ftvs 
292 - I 

I 
I 

291 I I I 
0 2000 4000 6000 8000 
Q=fiAY21(aT)“2, IN CUBIC FEET PER SECOND 

Figure 12.-Determination of elevation of critical flow in a cross 
section for any discharge. 

mild slope, with a jump assumed between the 
two profiles, as in figures 11A and 11B. 

In a situation such as one of those shown in 
figure 11, the temptation is usually to reduce 
the strict criteria necessary in the solution of 
the energy equation by (a) raising the Froude 
number limit far higher than the ordinarily 
tolerated value of 1.5, (b) raising the tolerance 
within which a solution would’be acceptable, 
or (c) both of these: The effect is to force a 
computed profile upstream from the mild- 
slope region (on the right in figure 11) into and 
through the steep-slope region, and continuing 

uninterruptedly into the mild-slope region (on 
the left in figure 11). The computed values in 
the steep-slope region will be erroneous not 
only because they have been computed in the 
wrong direction, but also because supercriti- 
cal flows are associated with large velocity 
heads, which have not fully been taken into 
account. 

Any computations using less stringent cri- 
teria should be carefully examined before 
being accepted. Generally, it is preferable to 
break the solution at the control point and to 
start a new computation. Under no circum- 
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stances should a computation be accepted if 
there is reason to suspect the existence of a 
distinct hydraulic jump, as in figures 11A and 
llB, where Froude number would be about 1.5 
or 1.7, and higher. A solution forced through a 
transition depicted in figure llC, where the 
Froude number is less than 1.5 and where only 
one or two cross sections are involved might, 
after close examination, prove to be acceptable. 

Alternate depths 

Once the water-surface profile has been 
computed in a reach involving a control section, 
a steep slope, and a hydraulic jump, such as the 
profiles in figure 11, it is pertinent to investi- 
gate other possible water-surface profiles in 
the same reach for the same discharge. Each 
supercritical-flow condition has an alternate 
subcritical depth at which the same discharge 
can flow. A tree or any other large object could 
lodge in the channel and trigger subcritical 
flow, or the location of the hydraulic jump could 
be shifted upstream. The result, in terms of 
figure 11, could be the elimination or drown- 
ingout of the critical or supercritical elevations 
through the steep-slope middle subreach. Those 
profiles could be superseded by a completely 
subcr’itical transition between the M2 curve on 
the upstream mild slope to the normal-depth 
line on the downstream mild slope, somewhat 
akin to the transition curve shown in figure 5. 

The approach and getaway depths associated 
with hydraulic jumps are called conjugate 
depths. The depth after the jump is called the 
sequent depth. Determination of these depths 
requires analysis of the hydrostatic pressure 
and the momentum of the flow at cross sections 
before and after the jump. Such analyses, 
involving study of specific force diagrams, are 
explained thoroughly in hydraulics texts such 
as Chow (1959) and Woodward and Posey 
(1941). 

The use of the specific energy curve rather 
than specific force offers a simpler approach 
that sacrifices little in accuracy as far as com- 
putation of water-surface profiles by the step- 
backwater method is concerned. It is rela- 
tively easy to develop and apply the specific 
energy curve. The method is described below 
and shown in figure 13. When this method is 

used, the depth before and after the hydraulic 
jump are called alternate depths. 

The specific-energy curve at each cross sec- 
tion in a steep subreach is developed manually 
but the procedure is greatly simplified by hav- 
ing the bulk of the computations available in 
the computer output for cross-section proper- 
ties. As was described in the discussion of figure 
12, the computer provides for each cross sec- 
tion a tabulation of values for many different 
elevations at a user-predetermined interval, 
including for each elevation the cross-sectional 
area, A, and the velocity-head coefficient, 0~. 
These data are used in figure 13 to compute 
velocity heads ((u@/2gA2) at various depths of 
flow for a discharge of 5,000 ft3/s. The specific 
energy diagram has water-surface elevation 
for its ordinate and the sum of this elevation 
and thevelocity head for its abscissa. The point 
of minimum energy corresponds to critical- 
flow condit.ions, which were computed, in fig- 
ure 12, to be at an elevation of 295.24 feet. If 
flow for this cross section and discharge were 
to be computed at an elevation of, say, 293.45 
feet, which is a supercritical-flow condition, 
the corresponding subcritical-flow elevation 
would be about 297.31 feet. 

The locus of subcritical-flow elevations, as 
comput,ed above, for the various cross sections 
in a reach having supercritical flow (as in fig- 
ure II), would represent the highest elevations 
for the discharge in that reach. Such a “worst- 
condition” profile might be the preferable 
computation under certain circumstances. 

A simpler, and probably not greatly errone- 
ous, substitute for the above computations is 
the extension of a straight line from the critical- 
depth elevation at the control to the last (most 
upstream) subcritical-flow water-surface ele- 
vation computed on the downstream mild slope. 

Energy Equation 

The Idetermination of a water-surface profile 
by the step-backwater method involves the 
solution of the energy equation in a series of 
subreaches. In the solution of the energy equa- 
tion for open-channel flow conditions, as de- 
scribed by Benson and Dalrymple (1967), all 
the criteria that apply to computations of dis- 
charge by the slope-area method apply as well 
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